Over the last few years, topological edge modes-excitations that are localized at the materials' edges, yet that are characterized by a topological invariant defined from the material's bulk-have enabled the creation of robust electronic, electromagnetic and mechanical transport properties across a wide range of systems, from cold atoms to metamaterials and geophysical flows. The advent of non-Hermitian topological systems-wherein energy is not conserved-has sparked considerable theoretical advances. In particular, novel topological phases that can only exist in non-Hermitian systems have been introduced. However, what are the properties of such phases and whether they can be observed have remained open questions. Here, we discover and observe experimentally a novel form of bulk-edge correspondence of a one-dimensional system characterized by a non-Hermitian topological phase. Namely, we find that a change in the non-Hermitian topological invariant corresponds to a change of localization of the topological edge mode. Using a quantum-to-classical analogy, we create a mechanical metamaterial with suitably designed interactions, where we observe experimentally the predicted bulk-edge correspondence, which in turn demonstrates the robustness of our findings. Our work sheds light on the nascent field of non-Hermitian topology and boosts metamaterials by opening new avenues to manipulate waves in unprecedented fashions.
The inclusion of non-Hermitian features in topological insulators has recently seen an explosion of activity. Exciting developments include tunable waves guides that are robust to disorder [1] [2] [3] , structure-free systems [4, 5] , and topological lasers and pumping [6] [7] [8] [9] [10] . In these systems, non-Hermitian driven or dissipative components are typically introduced either to break time-reversal invariance and simulate an effectively Hermitian topological insulator, or to drive pumping mechanisms that transport topologically protected excitations across Hermitian topological insulators.
In parallel, a considerable theoretical effort has generalized the concept of a topological insulator to truly non-Hermitian phases that cannot be realised in, or on top of, Hermitian materials [11, 12] . However, the implications of such nonHermitian topological phases on the edge modes remain unclear. Despite extensive experimental efforts showing the survival of protected edge modes or harnessing of Hermitian topology in non-Hermitian settings [6] [7] [8] [9] 13] , experimental observations of fully non-Hermitian topology, without Hermitian counterpart, have not been realized so far.
Here, by focussing on a non-Hermitian version of the SuSchrieffer-Heeger (SSH) model [14] [15] [16] (Fig. 1a) , we establish a bulk-edge correspondence for this new type of truly non-Hermitian topology. We find that a change in the nonHermitian topological invariant is accompanied by a localization change in the zero-energy edge modes. We further construct a mechanical analogue of the non-Hermitian quantum model (Fig. 1b) , and create a mechanical metamaterial that realizes the predicted non-Hermitian topological phase (Fig. 1c) .
The one-dimensional model depicted schematically in Fig. 1a is described by the quantum mechanical Bloch Hamiltonian
where k is the wave vector. The coefficients Q(k) = a 1 + b 2 e −ik and R(k) = a 2 + b 1 e ik allow electrons to hop between neighbouring sites within the unit cell (a 1 and a 2 ), as well as between unit cells (b 1 and b 2 ). If the amplitudes for hopping to the left (a 1 and b 1 ) are different from the corresponding amplitudes for hopping to the right (a 2 and b 2 ), the Hamiltonian is non-Hermitian with its complex eigenvalues E ± (k) = ± Q(k)R(k) and an effective chiral symmetry. Thus Eq. (1) falls in symmetry class AIII [11] .
A non-Hermitian Hamiltonian such as Eq. (1) to a winding of the phase of their eigenvectors as the wave vector k is varied across the Brillouin zone [17] , or to the complex energies winding around one another in the complex energy plane [11, 12] . The former type of topology exists both for Hermitian and non-Hermitian systems, while the latter is exclusive to non-Hermitian systems, has not been observed yet, and is the focus of the present work.
In the following, we restrict our attention to a particular SSH model with parameter values a 1 = a, a 2 = a(1 − ε), b 1 = −b(1+ε) and b 2 = −b, as indicated in Fig. 1a . The nonreciprocity in the hopping introduced by ε renders the Hamiltonian non-Hermitian [15, 16] . In the reciprocal and Hermitian limit of ε = 0, the energies of the two bands E ± (k) lie entirely on the real axis, and are separated by a band gap of size 2|a − b| (Fig. 2a) . The non-Hermitian topological invariant is trivial in this Hermitian limit. For a small non-zero value of ε the energies develop imaginary components, and the bands trace out two disconnected loops in the complex energy plane, on either side of the (E) = 0 axis (Fig. 2b) . As ε increases, the two bands eventually touch at the exceptional point E = 0, after which they coalesce into a single band encircling the origin (Fig. 2c-e) . The winding of the single coalesced band around the exceptional point, or equivalently, the winding of the two energy eigenvalues around one another, indicates that the non-Hermitian topological invariant ν has become non-trivial, as shown in detail in the Appendix.
Notice that for this entire topological band to be traversed, the wave number needs to be varied from 0 to 4π, rather than the usual 2π, which is an alternative signature of the band enclosing the exceptional point E = 0 [18] . As the nonreciprocal parameter is increased even further, the single band is deformed until it again goes through a degeneracy at the exceptional point E = 0. The energies then separate again into two disjointed loops (Fig. 2f) , this time on either side of the (E) = 0 axis. The non-Hermitian topological invariant is then trivial once again.
The non-Hermitian topology contained in the model of Eq. (1) stems from the non-reciprocity of its hopping parameters. This renders a direct implementation within a quantum material challenging, but recent advances on non-reciprocal mechanical metamaterials [1] [2] [3] [19] [20] [21] [22] , suggest that such non-reciprocal interactions can be realized within a classical mechanical platform. In particular, inspired by the works of Kane and Lubensky [23] and Brandenbourger et al. [22] , we introduce the one-dimensional mechanical system shown schematically in Fig. 1b , which is described by the dynamical matrix:
Here, a = (p + 2r sin θ)/ p 2 + 4r 2 cos 2 θ and b = (p − 2r sin θ)/ p 2 + 4r 2 cos 2 θ are geometrical parameters that depend on the length r, initial angle θ of the red rotors and the lattice spacing p (see Fig. 1b and Appendix). The parameter ε modifies the stiffness of the blue springs in a non-reciprocal way, so that a strain in the spring causes a larger torque on the left rotor than on the right (Appendix). The equations of motion imposed by the dynamical matrix D(k) on the displacements and their time derivatives may be combined into a Schrödinger-like equation, as proposed by Kane and Lubensky [23] [24] [25] [26] . The matrix taking the place of the Hamiltonian in this formulation has precisely the same form as Eq. (1), with Q(k) = −a + be −ik and
ik (see Appendix). The mapping between the dynamical matrix D(k) and the Hamiltonian H(k) suggests a classical counterpart for the non-Hermitian topological phase transitions identified in the quantum model. Fig. 3a shows the phase diagram of the bulk model as a function of the parameters a/b and ε. In the pink region, the complex energies wind, and the non-Hermitian topological invariant has the non-trivial value ν = 1. The grey region has trivial non-Hermitian topology with ν = 0, in accordance with the fact that the energies form disconnected bands. The phase boundaries correspond to the parameter values at which the energies coalesce at the exceptional point E = 0 [11, 12, 27] , and are given by ε = (a/b±1)/(a/b∓1). The ε = 0 axis represents the Hermitian limit, in which the non-Hermitian invariant is always zero and the two branches of exceptional points combine into a Dirac point at a/b = 1. For the classical system, this line corresponds precisely to the Kane-Lubensky model [23] , with an edge mode switch- ing from one side of the chain to the other as the critical point a/b = 1 is traversed. The fact that the regions of nonHermitian topology span large parts of parameter space suggests that they may be realized experimentally.
The phase diagram of Fig. 3a is based on the behaviour of bulk topological invariants, calculated in a system with periodic boundary conditions. The non-Hermitian topology, however, is expected to be most visible experimentally in the emergence or suppression of edge modes localised at the edges of the chain. The edge modes can be found for the quantum (classical) model by solving Schrödinger's (Newton's) equation for zero-energy modes (see Appendix). We focus in the following on a SSH chain with an odd number of sites (Fig. 1a) and on the mechanical Kane-Lubensky chain (Fig. 1b) , for which the bulk-edge correspondences are strictly equivalent. Namely, we investigate a SSH (KaneLubensky) chain with N A-sites (masses) and N − 1 B-sites (springs). Although the skin-effect-a known implication of non-Hermiticity-affects all modes in the system [15, 16, 22, 28, 29] , the edge modes in the present case of an odd chain are unaffected by it (see Appendix).
In the Hermitian limit ε = 0, both the quantum and the classical chain always have a single zero mode, which is localized to the right (left) edge for a > b (a < b) (Fig. 3a) . In the nonHermitian case ε = 0, the zero mode changes sides also upon crossing the critical line ε = (a/b ± 1)/(a/b ∓ 1) (Fig. 3a-c) . In all cases, we find that the tails of the edge modes become oscillatory for |ε| > 1. Importantly, other choices of parameters will lead to a qualitatively similar bulk-edge correspondence but quantitative differences (see Appendix).
To demonstrate the non-Hermitian topology described above we provide an experimental realization. To this end, we build the robotic metamaterial shown in Fig. 1c and in Fig. 4a , consisting of nine unit cells and using a combination of geometry and active control to implement D(k), as defined in Eq. (2) . While the geometry allows us to obtain suitable values of a = 1.00 and b = 0.73, active control makes it possible to tune the non-reciprocal parameter ε (see Appendix). Upon low-frequency excitation of the central unit cell, we observe a right-to-left (left-to-right) decaying displacement field for small (large) values of the non-reciprocal parameter ε (Fig. 4b) , which is consistent with the predicted behaviour of the zero mode (Fig. 3bc) . The transition between the two phases is found at ε = 0.25, which is comparable to the value ε = 0.16 expected from the phase diagram in Fig. 3a . As additional confirmation of the connection between the topological transition and the behaviour of the edge modes, we also create a domain wall in the metamaterial, with the leftmost part remaining reciprocal (ε = 0) and the non-reciprocal parameter ε being tuned away from zero in the rightmost part ( Fig. 4c ) and vice-versa (Fig. 4d) . As expected, beyond the threshold value, the localization of the displacement field changes from the right edge to the domain boundary at the center (Fig. 4c) or the displacement field localises at both edge away from the domain boundary (Fig. 4d) .
To conclude, we have discovered a novel type of bulkedge correspondence for non-Hermitian topological phases and observed it experimentally in a mechanical metamaterial with non-reciprocal interactions. We believe that our work provides a significant conceptual and technological breakthrough, opening up avenues for the topological design of tunable wave phenomena. We envision the study of nonlinearity, robustness to disorder, generalization to higher spatial dimensions and other strategies to achieve non-Hermiticity to be fascinating future research directions.
, where we used the convention ·| → |· * . These eigenmodes follows bi-orthonormality condition and the Hamiltonian preserves a generalized unitarity condition [30] .
To compute the conventional Hermitian topological invariant in the non-Hermitian setting, we can define the Berry connection as [27] 
, from which the topological invariant is then calculated to be γ ± = 1 2π 2π 0 dkA ± (k). Choosing different left and right eigenvectors in the definition of the Berry connection, or introducing a modified inner product, does not yield additional invariants [27] . Theses invariants γ ± are zero (when a/b > 1) or integer (when a/b < 1) for the trivial non-Hermitian topological regions (gray regions in Fig. 3a) as an general extension of Hermitian topological insulators. But at the winding nonHermitian topological regions (pink regions in Fig. 3a) γ ± acquire half-integer values.
The truly non-Hermitian topology can be defined in terms of the winding of eigenenergies around an exceptional point, as shown in Fig. 2 of the Main Text. The corresponding winding number can be calculated to be ν = −
The value of this nonHermitian topological invariant is shown in Fig. 3a of the Main Text.
Edge modes of the non-reciprocal SSH model with an odd number of sites. In Eq. (1) of the Main Text, a non-reciprocal version of the SSH model is defined in reciprocal space. Here, we use the corresponding real space formulation to identify the edge modes of a finite non-reciprocal SSH chain with open boundary conditions. Specifically, we consider N sites of type A, and N − 1 sites of type B, which is strictly analogous to the mechanical Kane-Lubensky chain [23] . The Hamiltonian is given in real space by:
where a 1 , a 2 , b 1 , and b 2 are hopping coefficients, which we assume to be real. In the Hermitian case, with a 1 = a 2 and b 1 = b 2 , the Hamiltonian has a unique zero mode satisfying the equation H|ψ = 0, with the eigenmode written as |ψ = (ψ
However, in the generic non-Hermitian case considered here, with a 1 = a 2 and b 1 = b 2 , the equations H|ψ R = 0 and ψ L |H = 0 respectively for the right and left eigenvectors may yield distinct zero-energy modes. We solve these two equations and find (ψ In Fig. 3b of the Main Text, we only plot the right eigenmodes -which are the eigenmode that can be observed-, for
Skin effect. In the non-Hermitian case, boundary conditions have a significant effect on the shape of the entire spectrum, namely open boundaries shift all bulk modes towards one side of the chain, in what is known as the skin effect [15, 16, 28] . This was recently observed in a non-reciprocal mechanical metamaterial [22] and in a non-reciprocal electronic circuit [29] . Theoretically, it has been shown that in a nonHermitian SSH chain, the closing of the bandgap appears at parameter values that are differ for open and periodic bound-ary conditions, in an apparent breakdown of the bulk-edge correspondence [15, 16] . These findings, however, concern SSH chains with an even number of sites and focus on the bulk spectrum. Here, we instead study on SSH chains with an odd number of sites and focus exclusively on the zero-energy edge modes. We find consistent results but we report in addition a clear correspondence between the bulk topology the zero-energy edge modes: (i) an edge mode always exists, as calculated analytically in the section above and confirmed numerically (not shown here); (ii) this edge mode in the chain with open boundaries changes its localization at the exceptional points of the periodic-bulk-model (See Fig. 3ab T . This is given by |δ = R|δθ , with the compatibility matrix [24] :
The coefficients a = (p − 2r sin θ)/ p 2 + 4r 2 cos 2 θ and b = (p + 2r sin θ)/ p 2 + 4r 2 cos 2 θ are geometric parameters [23] . We can similarly write the relation between the torque on each rotor, |τ = (τ 1 , . . . , τ N ) T , and the tension in the springs, |t = (t 1 , . . . , t N −1 )
T , in the form |τ = Q|t , where Q is the equilibrium matrix. In the Hermitian case R and Q are transpose of each other [24] . The compatibility and equilibrium matrices can be multiplied to compute the socalled dynamical matrix D Hermitian = k J QR, where k is the spring constant of the elastic link between subsequent rotors and J is the rotational moment of inertia of the rotors.
In the robotic metamaterial, each unit cell n has a local control system that can apply a local torque τ control loop n that depends on the angular displacement of its rotor δθ n and that of its neighbours δθ n−1 and δθ n+1 . We choose to apply the following torque τ control loop n = εkr 2 cos 2 θ(b(bδθ n − aδθ n−1 ) − a(aδθ n − bδθ n+1 )). Since the added torques are proportional to the angular displacements, the system can still be described by an effective dynamical matrix D = D Hermitian +D control loop of the form
which is non-symmetric for ε = 0. In the Main Text, we assume that the ratio kr 2 cos 2 θ/J = 1 without loss of generality.
We compute the right and left zero modes by solving D|δθ R = 0 and δθ L |D = 0, and we find
, respectively. We show and discuss the right zero modes in Fig. 3bc and in the Main Text-only the right zero modes can be observed.
In Fourier space, Eq. (A3) becomes Notice that the physical meaning of the Fourier equilibrium and compatibility matrices Q(k) and R(k) is ill-defined in the non-Hermitian case.
Experimental techniques To perform the experiments, we followed Brandenbourger et al. [22] , and created a onedimensional, non-reciprocal robotic metamaterial (Fig. 1c) consisting of nine unit cells, each of which has a single rotational degree of freedom θ n , where n is the unit cell index.
The unit cells are mechanically connected in a specific geometry initially proposed in the paper of Kane and Lubensky [23] (Fig. 1b) . Each unit cell consists of a rigid rotor of length 36mm, initial angle (−1) n (θ −π/2) with respect to the horizontal axis, where θ = π/12. Each rotor is connected to its neigbours at its midpoint r = 18mm by a flexible, laser-cut elastomeric band of thickness 4mm and whose shape has been optimized such the beam can easily hinge at its anchoring points and that in plane compression/stretching of the beam dominate its elastic response (Fig. 1c) . The lattice spacing between subsequent rotors is p = 60mm. The deformations of the elastomeric bands induce a torque on rotor n given by τ elastic n = kr 2 cos 2 θ(a(aδθ n − bδθ n+1 ) − b(bδθ n − aδθ n−1 )), where δθ n is the angular displacement with respect to the initial angle in the reference state, k = 7.8 × 10 −3 N.m is the spring constant of the rubber band and a = 1.00 and b = 0.73 are the geometric parameters defined above (Section "Nonreciprocal Kane-Lubensky chain").
In addition, each robotic unit cell is made of a mechanical oscillator, an angular encoder (Broadcom HEDR-55L2-BY09), a DC coreless motor (Motraxx CL1628), a microcontroller (Expressif ESP 32) and a custom-made electronic board that connects these components, ensure power conversion and communication between neighbouring unit cells. Each robotic unit cell uses a local active control loop that apply a strain-dependent torque on rotor n given by τ control loop n = εkr 2 cos 2 θ(b(bδθ n − aδθ n−1 ) − a(aδθ n − bδθ n+1 )), where ε is a tunable dimensionless gain parameter. This angular momentum realizes effective non-reciprocal interactions, τ n = kr 2 cos 2 θ( − ab(1 − ε)δθ n−1 + (a 2 (1 − ε) + b 2 (1 + ε))δθ n − ab(1 + ε)δθ n+1 ),
where τ n = τ elastic n +τ control loop n . This system precisely realizes the transpose of the dynamical matrix D defined in Eq. (A3), and therefore its mechanical response exhibits the bulk-edge correspondence shown by the left zero modes of D.
We excite the metamaterial at the center rotor n = 5 by applying sinusoidal oscillations of amplitude 0.028 rad and frequency 0.05 Hz over 5 periods of oscillations. We record the positions of all the unit cells via their angular encoders, at a resolution 4.4 × 10 −4 rad and sampling frequency 100 Hz. We extract the magnitude of the oscillation of each rotor via a Fourier series analysis to produce the data shown in Fig. 4 of the Main Text.
